Tutorial 2

Solutions
Problem 1: Determine the z-transform of

(n) = (n — 2)(0.5)" cos [7; (n— 2)] u(n — 2)

Solution:
x(n) can be written as

2(n) = (0.5)% x (n—2)(0.5)" 2 cos [g (n— 2)] w(n —2)
Applying the sample-shift property, we have
X(2) = (0.5)% [—z dciZ{(o.ss)ncos(gn)u(n)}]

where Z{ } stands for Z-transform. But:

. 1-0.25"
Z{(0.5)" - 0.5
105 cos(gmulm} =1 g5, 1 005,20 121>
therefore
0.25273 — 0.5z + 0.06252~°
X(2) = (0.5) x z et g 2] > 0.5

1—2"140.75272 — 0.25273 — 0.06252~%’

Problem 2: Find the inverse z-transform of

z
X(2) = 322 —4z+1
Solution:
X (z) can be written as:
o1
X(z) = 3—4z71 4 272
e
(1—z)(1—32z7Y)

1 1.1,
— ()l
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Problem 3: Find:

a) the Z transform of
z(n) = n%a"u(n)

b) the inverse Z transform of
X(z) =log(l —22), 2] <05
using:

i) the power series

log(l—x):—zli, lz| <1
i

=1

ii) by first differentiating X (z) and then using the derivative to re-
cover x(n).

Solution:

a) Let z1(n) = a™u(n). So

1
Xi(z) = | g1’ |z| > a
Since x(n) = n%z;(n) we have
d d az"'(1+ 2az7")
X(z):_zdz(_zdel(z)): (1_az—1)3 ’ |Z| >a
b) i)
> (22)F & 1,1,
X(Z)Z—Z( ) _ Z k(2)k k
=1 G k=—o00
Therefore 11
o) = L Cyru(-n—1)
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ii) Since
d 1
-z X(2)= )
20, (2) [ — g |z| < 0.5
therefore
na(n) = 2=z ' X(2)] = (})"u(=n—1)
N dz 2
and finally
(m) = () u(—n—1)
z(n) = (;)"ul-n
MATLAB exercises
Problem 5: Compute the inverse z-transform of
X(2) = ! . |2l > 09

(1-10.9271)2(1 4 0.9271)

Solution:
We can evaluate the denominator polynomial as well as the residues using
MATLAB.

>> b = 1;
>> a = poly([0.9,0.9,-0.9])

a=

1.0000 -0.9000 -0.8100 0.7290
>> [r,p,c] = residuez(b,a)

r =
0.2500
0.5000
0.2500
p =
0.9000
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0.9000
-0.9000

(]

Note that the function poly computes the polynomial coefficients, given its
roots. From the residue calculations and using the order of residues, we have

0.25 0.5 0.25
X = .
(2) 1-0.9z"1 + (1 -0.9271)2 + 140921’ |z| > 0.9
0.25 0.5 (0.9271) 0.25

1-0.92"1 0_9z(1 —0.9271)2 + 140.92-1" |z| > 0.9

Therefore:
z(n) = 0.25(0.9)"u(n) + g(n +1)(0.9)" u(n + 1) 4 0.25(—0.9)"u(n)
which upon simplification becomes
z(n) = 0.75(0.9)"u(n) + 0.5n(0.9)"u(n) + 0.25(—0.9)"u(n)

Problem 6: Determine the inverse z-transform of

1+ 0.44/2271

X(z) =
(&) = | 08v/2s-1 4+ 0.645-2

so that the resulting sequence is causal and contains no complex numbers.
Solution:
We will have to find the poles of X(z) to determine the ROC of the causal
sequence.

>> b = [1,0.4%sqrt(2)]; a
>> clear all

>> b = [1,0.4xsqrt(2)]; a = [1,-0.8*sqrt(2),0.64];
>> [r,p,c] = residuez(b,a)

[1,-0.8%sqrt(2),0.64];

0.5000 - 1.00001i
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0.5000 + 1.00001

p=

0.5657 + 0.5657i
0.5657 - 0.56571

\4
A\

=
el
I

abs(p) % ploes magnitudes

0.8000
0.8000

>> Ap = angle(p)/pi % pole angles in pi unites

0.2500
-0.2500

From the above calculations

0.5+ 0.5 —j

X(z) = 1-08ediz1 1-08eliz1’ 2| > 0.8
and finally
z(n) = (0.544)(0.8)"e~71™u(n) + (0.5 — 7)(0.8)"e’ i™u(n)
— (0.8)" cos(7r4n)—l—2sin(7rf) u(n)
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Problem 7: Given a causal system
y(n) = 0.9y(n — 1) + z(n)

Find H(z) and sketch its pole-zero plot.
Solution:
The difference equation can be put in the form

y(n) — 0.9y(n — 1) = z(n)

Therefore )
H(z) = 1 — 0951 |z| > 0.9

We have chosen |z| > 0.9 as the ROC of H(z), because the system is causal. Using
the zplane function, we will have the following pole-zero plot for H(z).

>> b [1,0];
>> a [1, -0.9];
>> zplane(b,a)
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Figure 1: Pole-zero plot of Problem 4(a).
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